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The Stationary Nonlinear Boltzmann Equation in a
Couette Setting with Multiple, Isolated L?-solutions
and Hydrodynamic Limits

L. Arkeryd! and A. Nouri’

Received February 1, 2004; accepted November 1, 2004

This paper studies the stationary nonlinear Boltzmann equation for hard forces,
in a Couette setting between two coaxial, rotating cylinders with given indata
of Maxwellian type on the cylinders. A priori estimates are obtained mainly in
L2, leading to multiple, isolated solutions together with a hydrodynamic limit
control, based on asymptotic expansions together with a rest term.
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1. INTRODUCTION

The asymptotic kinetic approach in a sharp mathematical form has its
roots in works by Grad and Kogan in the 1960s (see refs. 15, 16, 21 and
references therein). A number of important results followed, concerning
the nonlinear stationary Boltzmann equation in R” in the close to equi-
librium case (refs. 17-19, 29 and others), where techniques of a general
scope were used, such as contraction mappings (see also ref. 13). Station-
ary problems in small domains were solved in a similar way (e.g. refs. 20
and 24), and the unique solvability of internal, stationary problems for the
Boltzmann equation at large Knudsen numbers was likewise established
(cf. ref. 22). In ref. 7, a kinetic description of a gas between two plates at
different temperatures and no mass flux was studied in the case of a small
mean free path for the nonlinear stationary Boltzmann equation under dif-
fuse reflection boundary conditions. Stationary, fully nonlinear hydrody-
namic limits, were treated in the papers.(!1-12)
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Solutions to half-space problems for the Boltzmann equation play an
important role as boundary layers for hydrodynamic limits of such solu-
tions to the Boltzmann equation, when the mean free path tends to zero.
This has been extensively studied in the linear context, using functional
analytic and energy methods (refs. 8, 14 and others). Also for the nonlin-
ear case, related results have been obtained recently.3?)

A wide range of questions of the above types have been addressed in
a perspective of asymptotic analysis and numerical studies for the BGK
and Boltzmann equations by Sone and his group (see the monograph®®
and its extensive references).

With a loss of the uniqueness aspects, further away from equilibrium
weak compactness arguments may be employed instead of the earlier con-
traction mappings to prove existence, and in the stationary case usually
involving entropy dissipation control for the sharpest results. That is the
case in the spatially n-dimensional Povzner and one space-dimensional
Boltzmann papers>#, where stationary solutions are obtained via weak
L'-compactness under no other restrictions than Grad’s angular cut-off.
The basic compactness argument used in those cases, is not fully avail-
able for the Boltzmann equation itself in more than one space dimen-
sion. However, in the spatially n-dimensional case the entropy dissipation
estimate still allows different but weaker control mechanisms, which also
lead to existence results (see ref. 5). There, in contrast to the cases men-
tioned before, complete results are so far only obtained when the velocities
smaller in norm than some 7> 0, are suppressed.

The present study is set in the close to equilibrium frame and gives
a mathematically rigorous study of the stationary nonlinear Boltzmann
equation between two coaxial cylinders A and B, with Maxwellian ingo-
ing boundary values, and includes small mean free path asymptotics. This
two-roll problem is extensively treated from a numerical and asymptotic
perspective in ref. 26, to which we also refer for a more complete discus-
sion of the applied aspects. See ref. 6 for an existence study (but with no
control of uniqueness or local uniqueness) by weak compactness in the
case of more general two-roll problems also far from equilibrium and with
no suppression of small velocities.

The boundary values and the solutions are assumed to be axially and
circumferentially uniform in the space variables. Then, with (r,6,z) and
(vr, vy, v;) respectively denoting the spatial cylindrical coordinates and the
corresponding velocity coordinates, a distribution function may be written
as f = f(r, v, vg, v;), and the Boltzmann equation becomes

”r?,—erle:LmQ(f,f), re@a,rg), (v, vg,v)eR  (1.1)
r r €
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The Maxwellian ingoing boundary data under study are

3 1 2 2 2
YT fra,v) = Qu) " 2e2 U T We—uoa) V) -y 5 0,

(1.2)
v Frpv) = (27{)7%1+—w336%(*ﬁ(v3+(0976u(931)2+v§))’ s, <0,
(1+7p)2
Here
Nf = vgs—fr—vgvr%, (1.3)
O(f, (v) = /R L BO= (W) W) = W) (w)dv.do.

The kernel B=|v—v.[?b(0), be L1 (5%),0<B <1, is of hard force type
(ref. 9) and assumed to belong to the Grad class, that is with its terms
suitably majorized by the corresponding ones for the hard sphere model
(cf. ref. 23). The case B =0 corresponds to Maxwellian molecules, and 8=
1 to hard spheres. For a bifurcation case also included in this paper, but
not for the main results about isolated existence and strict positivity per se,
the kernel is assumed to imply (2.26) below. That condition is discussed
in the text directly following (2.26). In the present setup, it is enough to
consider functions which are even in the axial velocity variable v,. Take
the radii as r4 =1, rg > 1, and let €™ denote the Knudsen number. The
given rotational velocities of the inner and outer cylinders are ugs =€ugai
and ugp =<€ugpi, respectively. The parameter ¢ measures the depth of the
(suction) boundary layer. The nondimensional density, perturbed tempera-
ture and saturated pressure are

2
2 2
(Psp2—7B2), Tp=¢€"1p2, Psp=¢€"Pgpo,

wpR =
B 14+t
where lower indices A, B refer to the boundary points, and lower indices
1,2,... refer to the order in €. In the bifurcation case, an extra coupling
is added between boundary pressure and velocity,

r%—l 3
Pspy — —r2 uga =Ae,

B

or

2 2
€ rp—1
wp < 32 M§A1—132+A6). (1.4)

= 2
1+e%1p) Iy
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For 1< g <+o00, denote by | .|, the usual Lebesgue norm in L4, and set

1

2 2
L= f;|f|q:=(/M(v)<f|f(x,v)|qu)qdv) <400y,

where M = (271)_% exp(—%). In order to fix the asymptotic expansions,
this paper focuses on the case m =4 in (1.1), i.e. takes the Knudsen num-
ber as €*. The central result can then be stated as follows.

Theorem 1.1. Assume that uga;, ugp; and 1y are small enough,

and that (r3 — 1) (“f—;”)z > Pspy> (ry — Dul 5, where 14 Psp) is the non-
dimensional saturated pressure at rp. For the quantity € positive and small
enough, there is a solution f of (1.1-2) isolated in L' with positive lead-
ing order radial velocity €, and another f~ with negative leading order

radial velocity €2. They satisfy M~ f+, M~'f-el™,

/M‘lsupessre(,A’,B) | fl(r,v)Pdv<4oo, j=+.

There is also a similar third isolated solution with leading order radial
velocity of order €*. The hydrodynamic moments of these three solutions
converge to solutions of the corresponding limiting fluid equations at lead-
ing order, when € — 0.

Under the additional bifurcation coupling (1.4), the corresponding
result becomes

Theorem 1.2. Assume that ugay, ugpy and 7y are small enough
and that (ugpirg — uga1)(Bugar + ugp1rg)(A + 5D) >0, where A, D are
defined in (2.9) below. There is a negative value Ay;r of the parameter A,
such that for the quantity Ay — A positive and small enough, there are
for the quantity e positive and small enough, two isolated, non-negative
L'-solutions f/, j=1,2 of (1.1-2) coexisting with M~ f/ e L,

/M_lsupessre(,A’rB) | ij (r,v) |2dv < +4o00.

The two solutions have different outward radial bulk velocities of order €3.
For fixed ¢, they converge to the same solution, when A increases to Ayy.
Their hydrodynamic moments converge to solutions of the corresponding
limiting fluid equations at leading order, when € — 0.
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Remark. The approach of the paper has wider applicability; for
instance, analogous results hold for m >3 in Theorem 1.1 and m >4 in
Theorem 1.2, and for all cases of the two-roll problem treated in ref. 26.
We expect the techniques developed here, also to be useful in the study of
related problems, such as the Taylor—Couette frame of ref. 27, the Bénard
asymptotics of ref. 28, and the two-component gases of ref. 1. In particu-
lar a paper on the Taylor—Couette case is under preparation where we also
present an approach to strict positivity for this type of solutions.

Write R = frest = Po frest + (I — Po) frest = Ry + Ry, where Py is the
orthogonal projection operator onto the hydrodynamic part Py frest, and

J1
f=M1+9+e" freg) with 9= " elp]. (1.5)
1

Here ) ' €/¢/ is an asymptotic expansion with the boundary value of the
@/ -terms up to some suitable order < j; equal to the terms of correspond-
ing order in the e-expansions of (1.2), and based on a splitting into inte-
rior Hilbert expansion and boundary layers. A central part of the paper is
devoted to a rigorous study of the rest term R = fie in L9, using as ingo-
ing boundary values what remains of (1.2) after correction for the asymp-
totic expansion. The rest term problem is solved by a contraction mapping
iteration.

The problem area, the plan of the paper, and the main results are
introduced in the present Section 1.

Section 2 is devoted to the asymptotic expansion, adapting the pre-
sentation in ref. 26 to the needs of this paper. For the convenience of the
reader, the description is fairly self-contained and includes details of par-
ticular relevance. Section 3 discusses some a priori estimates for the rest
term. An estimate for the nonhydrodynamic part in L? is obtained from
Green’s formula. The study of the hydrodynamic part in L2 utilizes the
couplings between certain moments, and involves details about the terms
in the asymptotic expansion, for the hydrodynamic ones up to order €/,
A new type of preliminary rearrangements of the equation is introduced
to increase the e-order of certain nonhydrodynamic terms and to remove
the influence of otherwise troublesome hydrodynamic terms. This is a step
with origin in the fact that here the boundary scalings (of order ¢) are
larger than the Knudsen number (e*).

Section 4 deals with the existence problem for the rest term via a contrac-
tion mapping construction, which uses the a priori estimates of Section 3.
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2. THE ASYMPTOTIC EXPANSION

The asymptotic expansion is here carried out in the frame of Theo-
rem 1.2 in order to include the aspects which are important for the paper.
Write the solution of (1.1-2) as f = M (1l + ®). Then the new unknown
®(r, vr, vg) should be solution to

¢ 1 1 - -
b4 N = (Lo+T (@, @), @2.1)
O, v)=erWi—W—eupadd _ 1 4 S0, 2.2)
D(rg.v)= 1+—C‘U?Se%(v2—ﬁ(vrz+(ve—euam)2+v§))_ 1. v <0
(1+7p)2
2.3)

Here J is the rescaled quadratic Boltzmann collision operator,

3 1
J(®@, ¥)(v) := sz . BV — vy, ) M (v,) (P (V)Y (v}) + P (v )y (V')

— QW)Y (V) = PV Y (v4))dvsdw,

and L is this operator linearized around I,

(LD)(v) := / B(v — vy, @) M (0) (D (V) + D (V],) — D (vy)
R3xS$2

—®(v))dvidw=K(®) — 1.

Denote by (®4)1<ig; resp. (Ppi)igig;, the first to j-th order terms of
D (ry) resp. ®(rp), with respect to €. E.g. for j=4

4 2
. u
S e baie) = euparun+ AL 1+ 03)

1

3 4
u 1 u 1 1
e L <—ve+§v3>+64 e (5—v§+gv3>’ vr>0
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4 2 1
i 2("8 1 2 5 1, L, 5,1 2
El €' dpi(v) = eugpivg +e¢ (Tr% ”9A1*EIBZ*EMGBIJFE”@BN’@*EU?ZU

2
rg—1 7 1 1
+€’ <A+u031U0 (L;T“gm — 5782 —ujp + g”gm v+ 57821}2))
B

2 2
a7 2 14 27 5 =l 5 3rp=1 5
+e (Z“HBIT32+§MHBI+§T32_v”9A1“981_ZT”9A1732+A“9311)9
B B

L, =1, 2 1 rg=1, 2 2
tauos |~ 3 Uoa — T2 | Vgt T2\ 5 Ugar — TTB2 ~ Uy | ¥
s 1

1 1
+§r[2;2v4+ ﬂ”gm"g) , v <O0.

A solution @ will be determined as an approximate solution ¢ of order j
with boundary values of order i being ®4; resp. ®p; for 1 <i < jy, plus a
rest term R = frest,

D(r,v) =9, v) —l—ejOR(r, v).

We shall here give a fairly detailed discussion of the asymptotic expansion
for jo=4, j1 =4. Similar expansions hold for other values of j; > jo (cf
ref. 25), and such variants will be used in later sections. For j; =4,

Ir—rp 2 I —rp
o(r,v) = € |Py1(r,v) + Py — +e | Ppa(r,v) +Pw2 v
3 r—rg r—1 r—rg
e (Pu3(r, v)+Pws U )+ Px3a| —5— v |+ Pk3p| —5 v
€ € €
4 r—rg r—1 r—rg
+e | Pua(r, v)+Pwy LU |+ DPkaa 7V |+ Pkas —v])
€ € €

(2.4)
with
/<1>m<.,v)(1,vr,v2)M<v>dv = /¢w1<.,v)(1,vr,v2)M<v>dv
:/<I>H2(.,v)v,M(v)dv:0, (2.5)
lim <’_’B,u> —0, 1<i<4, (2.6)
"B o €
—1 —
lim q)KiA <r74,v> :0, lim q)KiB (r 4rB,v):0, 3<l<4
2;41~>+00 € #%700 €
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Here (e® g1 +€2®pr+ 3P p3+e*®pa)(r, v) denotes the truncation up to
fourth order of a formal expansion Zk>1 e*® i (r, v). The sum (eDy; +
2©W2)( —’B y) consists of correction terms allowing the boundary condi-
tions to be satisfied to first and second order. They correspond to a suc-
tion boundary layer at rp. Supplementary boundary layers of Knudsen
type, described by

3 r—1 r—rp 4 r—1
€| Pg3a| —5—v)+Pk3s V) )t | Praa| ——v
€ € €
r—rp
+<I>K4B< g v))

are required in order to have the boundary conditions satisfied at third
and fourth orders.

Uniqueness statements are given modulo possible shifts of terms
between the asymptotic expansion from fourth order on, and the rest
term. Recall (see ref. 10) that L(vgv,B) = Vg Uy, L(v,A) = v, (v2 = 5) for
some functions B(|v|) and A(|v|), with vgv, B(Jv|]) and v,A(|v]) bounded
in the (,)p-norm. Set w; —fv v(,BMdv and let g(n, v) be the solution
to the half-space problem

0 -
vr—g =Lg, n>0, veR,
an

g0,v) =0, v,>0,
/g(n, Vv, Mw)dv =1, a.an=>0. (2.8)

From the approaches in refs. 8§ and 14 including their point-wise estimates,
i~t follows that there are constants A, D, and E, such that with respect to
La

lim g(n,v)=A+ Dv? + Evg +v,. (2.9)

n—>+00
Proposition 2.1. Assume that
(ugp1rp —uga1)(uep17p +3uga1)(A+5D) >0,
and set

1
2

rg+1
AbiAf*:—(le 3 (A+5D)(VBM931—ueAl)(VBM931+3M9A1)>~

Ip
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For A > Az, there is no solution v in the family defined in (2.4-7).

For A = Ay, there is a unique solution ¢ in the family defined in
(2.4-7).

For A < Ay, there are two solutions ¥ in the family defined in
(2.4-7).

Proof of Proposition 2.1. Define Y :="—%, and let the expansions

Yis1 € Pai(rv) and Y5 X (Pur(rp, v) + Pwi(“LE, v)) formally sat-
isfy (2.1). Then,

Loy = Loy +J(Pp1, Py1)=Ldy3+2J (D1, o)
= LOys+2J (Py1, Pu3)+J(Pu2, Pu2) =0,
(2.10)

k—1

3P4 1 7 i
o, 2Pk 4+_N¢Hk_4:Lq>Hk+ZJ(cI>Hj,d>Hk,j), k=S5, (2.11)

ar r j=1

and

Loy, = Ldyr+J(@wi1, 201 (rp, )+ Pw1)
= Ldy3+2J(@p1(rp, )+ Pwi, Pw2) +2J (Pw1, Pua(rp, )+ Y Py (rp, )
= LOws+2J(Pws, i (rp, )+ Pwi) + J (Pwa, Pwa +2Dpa(rp, .)
+2Y DYy (rp. ) +2J (@w1, Pus(rp, )+ Y Py (rp. )
Y2 ADw;

+7d>’,;1(r3,-))—vr oY

—0, 2.12)

rp

k— 1
=Z@Wk+zf(2q>Hj(rBa-)+<Dijd>Wk—j), k>5. (2.13)
j=1
By (2.5) and (2.10), ® g (r, v) =b1(r)vy for some function by, and dpy;,i>
2 split into a hydrodynamical part a; (r) +d; (r)v? +b; (r)vg +ci (r)v, and a
non-hydrodynamic part involving Hilbert terms of lower order than i. In
particular for 1< j <4 we get

Dpy1(r,v) = b1 (r)vg,

1
Sy =ay +d2v2+b2v9 + Eb%vé,

1
dpy3 = a3 +d3vz+b3v9 + c3v, +b1d2v9v2 +b1b2v§ + gb%vg,
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® g = aq+dgv? + bavg + cqv, + (brdz + bada)vgv?

1, 1 1 1
+ <b1b3 + zbg -~ zb%@) vZ +bie3vvp + Ebszvg + Ed%v“

1 1
+ﬁb?vg+§b%d2v§v2.

Equations (2.11) have solutions if and only if the following compati-
bility conditions hold,

ady; 1
/(v il +—N<I>Hi)(1,v2—5,v9,vr)M(v)dv=0, i>1.
r

" or

They provide first-order differential equations for the functions a; (r),
b;i(r), ci(r) and d;(r), i > 1. In particular,

(rb1) =0, (10dy+b?) =0, (2.14)
1

1 ! 1
(r’c3by) = wyr? <b/1 — ;bl) + Qwy —wy)r (b’l — ;bl) ,

1 "1
<a2+5d2+ Ezﬁ) =5 (2.15)
2
(a3 +5d3+b1by) = ;blbz, (2.16)
(re;) =0, (2.17)

I, 1, 35 , 7 5 !
a4+5d4+b1b3+§b2—§b1a2+7d2+§b1d2

2 1 1 1 7
== byb3+ =b> — —b? — b+ —b%dy, (2.18
r(13+22 2laz>+2rl+r12 ( )

(reg) =0.

Together with the boundary condition (2.2) at first and second orders, this
fixes

2 2 2
UpAl u u 1 u
D0 ="Pus. =T A (15 )4 )

and c3(r) = ”73, for some constant u3 #0. Moreover, (2.5) and (2.12) give
that ®w (Y, v) =z1(Y)vg, for some function z;, and ®w;,i >2 split into
a hydrodynamical part x;(Y) + y,~(Y)v2 + zi(Y)vg + t;(Y)v, and a non-
hydrodynamic part involving Hilbert terms of lower order than i. Notice
that ®wy4 is the sum of z/l vgv, B and a polynomial in the v-variable with
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bounded coefficients in the r-variable. More precisely,

1
Py = x2 +y2v2 + zov9 + (bl(rg)zl + zz%) vg,

D3 = x34 y30° 4 2309 + 130, + (b1 (rB)y2 +21y2 + 21d2(rB)) v v?
+(b1(rB)z2 + 2122+ 21b2(rg) + Y by (rp)z1) V3

1, 1 2, 13} 3
+<§b1(rB)Z1+§b1(rB)Z1+6Z1 vy,
Dwa = x4+ yav® + 24v9 + a0, +2) 0,09 B(0) + - -

Equations (2.13) have solutions if and only if the following compati-
bility conditions hold,

Jd '
/ (o 220y L Z( D’ ( ) N(@pi—4-i(r5..)
+¢Wk_4_,~>(v 5. 0)M®dv=0, k>5, (2.19)

and

P i
/ (v + —Z( 1y ( ) N(@pi—4-i(r5. )
+¢Wk,4,i)(1,v,)M(v)dv= , k=S (2.20)

Equations (2.19) (resp. (2.20)) provide second-order (resp. first-order)
differential equations for y; and z; (resp. x; +5y; and #;). In particular,

ou3 s
w1y — r;zlzo’

/
(Xz +5y+bi(rp)z1 + %Z%) =0,

w2y2+10y§+A1=0, wlzz_ﬂz/2+Al=0, (2.21)
t3=0,
(x3+5y3+b1(r3)z2+Z1z2+z1b2(r3)+Yb’1(VB)Z1)’=%(251(VB)Z1+Z%)’

w2y3 + 10y§+A2=0

wizy — u3 /+((bl(rB)+Zl)(C5(VB)+t5)) + A, =0,
+ (134 c3(rp)) + ¢4 (rp) =0, (2.22)
(x4+5y4) + A3=0.
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Here A;,1<i <3, denote terms involving Hilbert and suction coefficients
up to order i. Together with the boundary conditions (2.3) at first and sec-
ond orders, and the conditions (2.6) and (1.4), this fixes

u@Al u3Y
DY, v)= <u931 - )6“’1’3 - Vg,
B

as well as @y in terms of u3, and implies that 13 =24, =0. Then, giving the
value 0 to any coefficient of order bigger than 5 in the second-order differ-
ential equations satisfied by y; and z;, 3 <i <4 and taking into account
(2.3-6) fixes the functions y; and z;, 3<i <4 in terms of u;. Finally the
Knudsen analysis at third and fourth orders in Lemma 2.1-2 below, makes
the first-order differential equations satisfied by x3+ 5y3 and x4+ 5y4 com-
patible with (2.3) and (2.6) at third and fourth orders. ||

Lemma 2.1. Set 77:’6;41, n = “—%. There are unique Knud-
sen boundary layers ®g34(n,v) and ®g3p(u,v), and boundary values
®ys3(1,v) and Ow3(0, v), such that

0d -
vra—mA =Ldgsa, n>0, veR?,
n
D34(0,v) = Pa3(v) — P31, v), v >0,
lim ®g34(n,v) =0, (2.23)
n—-+00
and
0d -
r K3B :Lq)K3B, /J,<O, UGR?),
o
Dk3p(0,v) = Pp3(v) — Py3(rp, v) — Pw3(0,v), v, <0,
lim ®g3p(p,v) =0, (2.24)
U—>—00

with the limits in L7-sense. The boundary layers fix the possible values of
as(1), d3(1), usz, b3(1) and x3(0), y3(0), z3(0), hence complete the defini-
tions of ®y3 and dys3.

Proof of Lemma 2.1. The function

Yi3a(,v) 1= Pg3a(n, v) —u3(g — A — Dv* — Evg —v,),
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with g, A, D and E defined in (2.8-9) and u3 still unknown, should satisfy

0VK3a
on
Vi34(0,v) = u3A —az(1) + (u3D — d3(1)v*

1
+ <u3E— EMS‘“ —b3(1)) vg, vr>0,

lim Yx34(n,v) = 0.
n—-+00

= Lykza, 1>0, veR?,

Ur

Hence,
ax()=u3A, ds()=usD, b3(1)=usE — %uzm, Vxaa =0,
so that
®g34=u3(g—A—Dv’—Evg—vy).
Analogously, the function

usz
VK3p (1, v) 1= Prap (i, v) = = (@(—pt, —v) = A= Dv? + Evg +vy),
B

should satisfy

0VK3B
&

Yg3p0,v) = A— Z—;A —a3(rg) —x3(0) — (Z—;D +d3(rp) +y3(0)> v?

2
re—1 7
B 2 2
+ (“931 <—2 Upal— 5 TB2 _”931>

s

= Lyksp. n<0, veR’,

r

+:—3E —b3(rp) —z3(0)> vg, v <0,
B

lim Yg3p(u,v) =0.
JL—>—00

Hence,

u3 u3
x30)=A—-—A—-a3(rg), y3(0)=——D —d3(rp),
] rB

rg—1 7

us3
73(0) =—ugp1 (B—zugm REAE —uém) +—E—b3(rp), Yx3p=0,
g rp
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and
us 2
Dg3p(u,v)= r—(g(—u, —v)—A—Dv"+ Evg +v,).
B

Moreover, by integration of (2.21) and (2.16) on (—o0,0) and (1,rp)
respectively,

w
x3(0)+5y3(0) = 21 (uop1rp +3uga17p) (UoB17B — UoAL),
2V3u3

23(0)+5y3(0) = A — u3(A+5D) (é N 1) .

And so, u3 must solve the equation

rp+1 w1
—Auz+ 272(3149/41 +uopirp)woar —ugp1rg) =0.

u3(A+5D)
rp I'p

(2.25)

The pointwise estimates in refs. 8 and 14 imply the L9-version of (2.23—
24). 1

End of Proof of Proposition 2.1. A study of the positive roots u3
to (2.25) leads to the three cases described in Proposition 2.1 for A
with respect to Ay;r. That proof requires a nondegeneracy in the Milne
asymptotics (2.9),

A+35D <0. (2.26)

The condition is expected to hold on physical grounds and has been veri-
fied numerically for hard spheres and Maxwellian molecules. In this paper
it is required to hold for the kernels B, precisely when the bifurcation sit-
uation is being considered. A mathematical proof of (2.26) related to the
numerical approach, seems feasible but has not been undertaken here. Our
aim is merely to illustrate that the present setup also covers bifurcation sit-
uations. Instead a separate paper under preparation will be devoted to a
fundamental bifurcation problem using our approach, namely the Taylor—
Couette bifurcation for the two-roll setup of ref. 27 with axial dependence.
We want to stress that the condition (2.26) is not used to obtain the exis-
tence of isolated or multiple solutions, but only to enter the bifurcation
situation discussed in Theorem 1.2. I
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Lemma 2.2. Set n = ’;41, u:’:#. There are unique Knud-
sen boundary layers ®g44(n,v) and ®g4p(u,v), and boundary values
®y4(1,v) and dw4(0, v) such that

0P k44
an
q>K4A(0’ U) = q>A4(U)—(DH4(1,U), Ur>0,

lim ®ggy =0,
n—+oo

= Ldgaa+2J(Dp1(1), Dg3a)), n>0, vER?,

r

and

0Dy - -
a';‘* = LOkap+2J (D1 () + Pw1(0), Pg3p), <0, veR?,

CDK4B(07 U) = q)B4(v) - CDH4(VB, U) - q)W4(07 U), Uy < O,
lim CDK4B = 0,
U—>—00

r

with the limits in L9-sense. The fourth order Knudsen boundary layers fix
the possible values of a4(1), ds(1), ug=rpca(rg) and x4(0), y4(0), z4(0),
hence complete the definitions of ® 44 and Pyy4.

Proof of Lemma 2.2. Analogously to ref. 8, there are unique solu-
tions « and B to

o ~ ~
oo =La 42/ (@ (D, Pk34), 1>0, velR?,
n

1
a(0,v) = —ugai <u3Dvev2+ <u3E+ Z“Sm) v§+u3vrve> . U >0,

/ vea(n, v)Mw)dv=0,

and

ad - -
Ur£=L,3+2J(CD[-“(I"B,—U)+(DW1(O,—U), CDK3B(_7]» —U)), n> 07 v ER3,

B0, v) = Pp4(—v) — <¢H4(r3, —v) —a4(rp) — da(rp)v® — ba(rp) vy — j—;l)r)

—(@wa(0, —v) —x4(0) — y4(0)v* — z4(0)vg), v, >0,
/vrﬂ(n, v)M(v)dv=0.
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Moreover,

o EKerI:, Be KerI:L,

lim, - 00 (1, V)=doo+dooV*+boo vy, lim;,— 400 B(, V) = FootSeoV2+H oo Vg,
for some constants deo, doo, Poos Too» Soo and fs,. The function

Vraa(n, v) = Pgaa(n, v) —us(g — A— Dv? — Evg —v,)
—(@ — oo — dooV® — boog)

should satisfy

0Ykaa
vV —/—
an
1
Vkaa(0,v) = guf gy +aco +utgA —as(1) + (doo +usD — da(1)0?

lim Ygaa = 0.
——00

= Lyrkan, n>0, veR’,

m

Hence,

1
as(1)= gugm +aso+usA, dy(1)=doo+usD, bs(l)=boo+uskE,
Yraa=0,

so that
Dpga=0 —doo — doov? — boo vy +u4(g—A—Dv2—Ev9 — ).

Analogously, the function

Ug
Vian (it v) = Pran(v) = —(g(—p —v) — A= Dv? + Evg — vy)

—(B(—ft, —V) = Foo — SooV? + oo Vp)
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should satisfy
0VKk4B
Vp————
ou
ug
Vkap(0,v) = rec + EA —a4(rp) —x4(0)

:LWK4B’ ,bL<O, UER3,

u
+ (soo+ iD—de) —y4(0)) v?

- (too+f—4E +b4(r3)+Z4(0)> vg, v <0,
B

lim Yg4p(n,v) =0.
pu—>—00
Hence,
A D
x4(0)=roo —as(rp) +us—, y4(0) =500 —ds(rp) +us—,
rp rB
E
24(0) =too — b4 (rp) +M4E’ Ykap =0,
so that

Drap(it, v) = B(—h, —V) — Foo — SooV” + o Vg
u
+(g(—p. —v) = A= DV + Ep).
B

Moreover, by integration of (2.22) and (2.18) on (—o0,0) and (1, rp)
respectively,

(x4+5y2)(0)= A3, (as+5ds)(rg) =us(A+5D)+ A3,

where A3 and A; are given in terms of up to third order coefficients. This
fixes the value of uy4, hence uniquely defines ®gq4 and Pgqp. |

Lemma 2.3. Denote by /:= €i4<Z¢+ J (¢, 9) —64D¢>). Then,

1
2 2
1 ]y:= (/ M(v) (/ 1(x, ) |7 dx)q dv)

is of order one in L4 with respect to e.
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Proof of Lemma 2.3. By definition of ¢,

€2

1 =J(@u=Pu1(rp), Pw1)
e (@ =@ (). Pw2) + T (@wi, D2 — () = YV () )

+2(T(@wa, ®pt = Pyt (7)) + T (@2, ®ppz = Spra(r) = Y Wy (8)
~ y?2
+J (Pwi, Pu3 — Pp3(rp) — Y Py, (rp) — 7(1)/1/{1(7'8))

+J(@k3a, Pyt — Pr1(D)+Pwi) +J(Pr3p, Pt — P (rp)
+ @1 = Pwi(0)) + O().

Hence

L= T (N O+ 120V 2B+ y3()Y Dz + 74()Y P
+5()Y D35, v ) + I (@3, Dwi) + 0 (),
where (y;)1<igs are bounded functions in r and n= ’6;41 We notice that
®yq is exponentially small near r4. From here the e-bound for / follows

from the decay properties of ®w;, j=1,...,4 in the suction layer, and of
Qg j, i=3,4, j=A, B, in the Knudsen layer. [

3. ON THE CONTROL OF f; AND

We take yo=1, 1//9=v9,I//rzvr,I//ZZUZ,Iﬂ4=\/LE(v2—3) as an ortho-

normal basis for the kernel of L in L%M(]R3). Recall that in this paper all
functions are even in v,. For functions f € L%W([rA, rg] x R3) we shall use
the earlier splitting into f = f+ fL=Pof + (I — Py) f, such that

fir,v)= fo(r) — ?fw)ﬂe(r)ve + fr (), +?f4<r>v2,
/M(v)(l,v,vz)fj_(r, v)dv =0,

[ munsevav=so. [ mvaseonav=sio.

f Mg f (r, v)dv = fy(r). / My, f (r, v)dv= f(r).
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The .- moment of f vanishes, since f is even in v,. Set ¥: :=ve?, and
Df :=v, a]; + - N f with N given by (1.3). Due to the symmetries in the
present setup, the position space may be changed from /R? with measure
dx, to IRT with measure rdr. The relevant boundary space becomes

1

={f;|f|~=<f OvrM<v)|f(rA,v>|2dv)2

1
+ (/ o | M) | £(r. ) |2dv)2 <+oo} .
v <0

We shall also use
WI=([ra, r] x RD) =W~ = {f:v2 fe L4 v iDfeld, y* feL*).
Define

Soiri(r) —/Mvevrfl(r vdv, i+j>2,

and fyi,jo(r) correspondingly, when there is an extra factor |v|? in the
integrand.

The main a priori estimates will below be given in L>. We shall
require that |ugail, lugpi| and |tpy| are bounded by some value &', which
implies that the coefficients in the individual terms for ¢/ as given in Sec-
tion 2, j=1,...,4, are bounded by some multiple of §'. When the Knud-
sen number is €” and m > 2, in order that the L2-approach becomes sharp
enough for the intended applications, a preliminary reorganization is first
performed on the original linearized problem

1 B J1 . )
DF=—|LF+) e J(F. o +g ), Fpar=F. (1)
j=1

This is related to the velocity perturbations of order m-th root of the
Knudsen number, becoming stronger in relation to the Knudsen num-
ber with increasing m. We carry out the procedure for the case m =4.
Some terms will be moved from e 3J(F, ¢!) in (3.1) to the e *L F-term,
together with follow-up changes in other terms in order to move certain
couplings between moments from lower to higher order terms. This will
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be important in the control of the outgoing fluxes in Proposition 3.2. With
w; and u3 as defined in the previous section, set

kq = /vft/mAMdv, k5::/vrj(w4, v)AMdv,

- - k k
ke :=/v,vg](v9,vr)BMdv, = 5u3, d .= 6u3,
k4 w1
AL I (L)e—1
my =k | A —— Fa(rp) + —2—— Fa(ra) | .
(GE)e—1 (2)e—1
A e
d d
[ Ge=1 0 G-)e—1_
my: = wll A Fo(rp) + —2———Fy(ra)
(B)e—1 ()€ —

Lemma 3.1. A solution F of (3.1) can be split into the sum of a
function F_ and e times a nonhydrodynamic linear combination of F, (1),
m4 and mg, with Fy=F_j and F_ solution to the equation

RO

1
vy — Mgy — Mgy, @ )

LA FE) N\ N 4 .
+ZEJ4J<F_— ! v,,¢1>+ZeJ4J(F_,<pJ)

r
j=2

Jj=5

1
+E—4g+€(Fr(1)ﬁ1+mgﬁ2+m4ﬂ3), (3.2)

where B;, 1<i <3, are known functions in nonnegative powers of €.

Proof of Lemma 3.1. Equation (3.1) can also be written as

- Fo(l
DF = L (F—e?( r( L +ma(v§—l)+%ve(v2—5)>>

- F.(1) |
+—=J|F- . v — Mgy — Mgy, @

J1
e . 1
—4
+D I+ s
j=2

1 - F,(1
= —L<F—e?( : )vrvg—i-mg(vg—1)+%v9(v2—5)>
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Fr(1) 1 - F(1)
€ ( a1+m9a2+m4a3>>+—3]<F— v —MyVg — maya
r € r
F.(1
—6?( 2( )Urv9 +mg (v — 1)+ %ve(v2—5)>,<ﬂl>

1
+Ze’ MF D+ e,
j=2

where

2__
L =c1ive.ve), Ln=ci@lve). Lian=cid 202 ).
NG

Continuing the same way one gets the equation

1

1. < F()
DF = —LF_+—=J | F_—
€4 €3

r

1
—movg —ma4, @ )

4 F(1) 1
+ZE]4J(F_— ’r Vry @ )+Zel YJ(Foly+ S8+,

j=5

where J; is a nonhydrodynamic linear combination of F, (1), mg and my,
F_y=F; and F_, is the sum of F| and a nonhydrodynamic linear com-
bination of F,(1), my and my4. And so, writing DF as the sum of DF_
and known terms leads to the Equation (3.2). |

Lemma 3.2. Let F_4 ‘=k4F4 + F_,2; and F_g =wiFy + F_y25.
Then

k5u3 %
(B -k
F_4(r) = my(r) +/ k5u3 Gy4(s)ds
g S
k5u
o oy
+/ TGMSWS,
S
keuz kg3
(}’3) wy (%) wy
Foo(r) = ma(r)+/ Ty Go(s)ds
rBw1 —1
k, kgus k, kguz
B (L) — (3™
[ Guwas,

(LW —1
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where G4 and Gy satisfy

1 1
|Galo+1Gg 2< C< | F—1 ll2+e€8" |l Fy ll2 +€_8 FRE +6—4 lg1l>

e Fr () [+ mg 12+ | ma ). (3.3)

Proof of Lemma 3.2. A multiplication of (3.2) with vgM (resp.
v>M) and integration over IR; leads to

F_o-(1 1 [
F_g,(r) = or )—i-—/ szgeds—i-(’)(e),
1

r2 r2 4
Foo)y 1 [
F_pa(r) = rz +F/; s (\/6g4+3g0) ds+O(e).

Multiply equation (3.2) with A(|v|)v,M and integrate over Rﬁ,

— ! / 1
2
( / vrAMF_dv) = (kaFa+ F_,25) =;(F_02 i-F_2z) (3.4)
1yes 17 4
+e_4(T+F/1 s(«/8g4—2g0)ds+/vrAJ(F_J_,;erJ)Mdv

+63F4(C3+6C4)k5 +64F9blc3/vrﬁf(v9,vrvg)Mdv)

Ji
. . . 1 _
+ E 61_4/vrAJ(F,,¢f)Mdv+—4/gvrAMdv
— €
]:

+e f v A(F,(Dy1 +moy, + mays) Mdv.

Here y;, i=1, 2, 3, are known functions in positive powers of €. Using the
spectral inequality, we notice that

- 1 _
ky =/v,2 4AMdv=—/vrv2vrAMdv
v 76
1 5 - 1 - - -
=— [ v (v —5)vrAMdv=—/L(v,A)vrAMdv
7l 7
< —c/ |U,A|2Mdv<0.

In (3.4) c3 and ¢4 respectively denote the coefficients of v, in ¢ and ¢*.
Then c3= ?, with u3 >0 in the present case. Its coefficient in the e ~!-term
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of (3.4) is Fiks=Fy [ J (Y4, v,)v, AMdv, where
/i(w Y, AMd ! /Z 2y AMdy = - /Z (> —5)-v,AMd
— 4, Up)V V= — IR v=— v, (v°=95)-v v
r r ,\/6 r r \/6 r r

1 / 2 .-
=— | v,(v"—=5)-Lv,A-Mdv
NGO

1 2 2
=— [ |v,(v"=5)|"Mdv>0.

Hence kaks > 0.
Let F_4=k4F4+ F_,25. In (3.4) regroup the terms as

[ ACLEY R e
4 kare 4T e

. ksus -~ ¢ { 1 (F_gz,g B F_r2,&)

1 /1 r
+—4<—/ s(«/6g4—2g0)ds
€ 1

ret

+/vr1§f(F,L, ie-/wj)Mdv>
1

' .
__k5u3 F_,2A+F4c4k5+F9b1c3/UrAJ(Ue’UrUG)Mdv
AV €

r

Ji
. -~ . 1 _
+ E ef_4fv,AJ(F_,wf)Mdv+—4fgv,AMdv
— €
j:

+e / v A(F,(Dy1 +mgys +m4V3)Mdv}.

Here denoting the expression within {} by G4 and setting c:= ki’f, gives

¢>0 and

c

~ e\ G2 _c_ _c
(F_4r e) =L4r € 1—i—G4r €.
€

This implies

r

T T e L A S L L
Fearary® = Foarary* = 25 (" =rg )+ [ Garsias,
rA

od _c< ~ -< Crp € =< _c
F_4(r)r ¢ = F_4(rp)r E—i———(r € —r e)
4(r) 4(rp) B 4 c B

r "
+/ dsGa(s)s™ <.
r

B
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Eliminating c¢,, it follows that

_ (e -1 (£)e—1 () = ()
Fa) = o Foalm) + e Pyl + / —64(s)ds
(G2)e 1 ()F — -1
rg (L g— TAye
—i—/ MGAS)CZS. (3.5)
NS E

The computation leading to (3.5) holds analogously for F and (3.1) with
Fy=(k4F4+ F,23). At this point we recall that m4 has been defined by

L GE-1 (5 -1
my=k, rB—F4(FB)+—F4(rA) (3.6)
() - ()e—1

Replace all moments of F_, of negative e-order in G4 with higher order
ones, iteratively until all are of nonnegative order. E.g. [ MdvJ(F_,vg)
v,A can be written as [ MdvF . and expressed by moments of higher
order by projecting (3.2) along L~'A. This can be repeated until all
appearing moments of F_, are of nonnegative order in €. Notice that all
appearing hydrodynamic moments are of e-order zero or higher with a
factor §’. The negative e-order F,-moments were eliminated by the passage
from F to F_, and the integrals of the J-terms containing the remain-
ing negative order hydrodynamlc moments come out as zero, essentially
because L and L~' preserve even/odd symmetry under change of signs
in v. .

An analogous estimate for % = "“TF*’ + % can be obtained in the
same way. Namely, multiply the Equation (3.2) with Mv,vg B(Jv|) and inte-
grate over R>. It follows that

<w1F9 n F—9r21§)/  Fgp—3F 425

r2 (3.7)

. CGr 280
_r64 = —/ /vrvgBJ(F_ Ze’ )Mdv)

+m/ s—ds+e 3Fycske+€* Fany + E el 4/v,vgBJ(F_, o YMdv
1
j=5

1 - _ _ _ _
+€—4/vrvgBMgdv—i—e/vrvgB(Fr(l))q+m9)/2+m4y3)Mdv.
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Here, n; and 7, are known coefficients. Making analogous computations
to the F_g4-case leads to (3.3). 1

Define a specular reflection operator S at r =ry4, rg as Sf(r,v) =
f(ra —Vr, v9, vZ)'

Proposition 3.1. Let F be a solution in W2~ to (3.1). The follow-
ing estimate holds for small enough € > 0;

1 1
Fib<c(IFLl+—sla1la+— 18 b+ISF- | +IFpl-).  (38)

Proof of Proposition 3.1. Recall that the hydrodynamic moments
of F and F_ coincide. Multiplying the Equation (3.1) with M and inte-
grating over Ri, leads to (rF,)’:rf—E{, ie.

F.(r)= F’r(l) +;/lrs@ds. (3.9)

By definition of F, (1),
IF.(1)] = ‘/U,F_(I,U)Mdv’
3
< C(/Ivrle(l,v)Mdv> Sc(ISF-[~+[Fpl~).
It then follows from (3.9) that
1
I Frll2<c 6—4|g|| +ISF_ 2+ Fpl~ ).

Multiply the Equation (3.2) with v, M and integrate with respect to v. It
follows that

' 2 ' F_p—F
(/ vrzF_(r, v)Mdv) = (F0+\/;F4+Fr2) =¥+f_‘:

+e / v (Fr (1) B1 +mg B2 +myf3)Mdv.
(3.10)
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Multiply (3.10) with Z(Fo—i—\/g F4+ F—rZ) and integrate with respect to r
on (r,rp), then on (r4,rp), to obtain

2 1
HF0+\/;F4H2<C<IFL I2+6—4 I gr Il

+‘/va_(rB,v)Mdv‘vLelF,(l)l—i-lmg |2+|m4|2).

But
1
)/ 2F (rg, v)Mdv < (/M|U,|F (rB,v)dv)
Sc(ISF-|~+|Fpl|~).

Hence

2 1
- < _ — — |~ ~ - .
HF0+\/;F4H2\C(IFLI2+E4 lgr ISP~ +[Fpl~ ). G.11)

By (3.3), (3.5), and (3.7)

1 1
| Fala+ 1 Fob<e(1F-sla+—glgrl+— 1812
€ €

+ISF- || Fy |~ +e8' | Fy 12 ).

And so, (3.8) holds. I

It remains to control | SF_ |~ and the nonhydrodynamic part F; .

Proposition 3.2. Let F be a solution in W~ of (3.1) and F_ a
solution in W2~ of (3.2) for g=g,. The following estimates hold for small
enough € > 0;

| SF- |+ |03 P p<e(e 1572 gula+e T gy
+e26’<||Fr||z+||Fe||z+||F4||z+||Fo||z>+ez|Fb|~), (3.12)

_8 1 ~1
|53 F loo<e( 772 |oo e TIVIF g+ V2 Fp|~), g<oo.  (3.13)
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Proof of Proposition 3.2. We first turn to the estimate (3.13).
Employing ref. 23, p. 101 for ¢ =0, F can via a double iteration of the
problem in exponential form, and splitting of the compact part K of L, be
written as

K/ /
F=U€€—4U€€—4F+21F+Zzg+23y+F, (3.14)
where
’ ’ 7§
UK UK F| <csema|D1F,, (3.15)
€ € 00

~1 -1 ~1 ~_1

[V2Z1F |08 |VIF oo, V222800V 28 |0,
~1 ~1
|D2Z3y 1 F |oo<c|D2Fp|~.

Using (3.14), (3.15) with § a small enough constant, gives (3.13). For €
small enough, the addition of eJ(F, ¢!) to g does not change the result,
nor does the addition of the higher order asymptotic terms. We notice that
in this part of the proof, a hydrodynamic component in g does not change
the proof.

For ¢ =0 (3.1) coincides with (3.2). Then the mapping from 5[4 x
L™ into W9~ given by (g, F,) — F_, is continuous and bijective by (ref.
23, Ch. 6.1.). The analysis in ref. 23 is carried out for 2<g < oo. Green’s
formula and the spectral inequality for L,

—foZfdv>c/Mafjdv
with ¢ >0, give
.1 1 1
ISP R+ Py B | By 410720 Bt Loy B | 7y ).

The case ¢ #0 adds to the (g, F_)-term

4
/(Ej(F— Fr(l)vr_m0v9_m4w4,(pl)+Z€jj<F— Fr(l)vr’(p/))
r r

j=2

x F_Mdvdr.



876 Arkeryd and Nouri

There

(R 1
eJ| F_— v, —mgvy —maa, @ | F-Mdvdr
r

2¢72
1) o F.(1 1)
<626 /12 <F_— r( )vr—mgvg—m41//4,v9>Mdvdr+§|F_J_|§,
r

which is smaller than

2 1 1
o5 (CNFLI3+ 1 Fy B+ 11 B+ g Bet |SF- 2 +€* | Fy 2

+e8 | Fo1 |5,

by the expressions of F_ — L (l)v —mgvg —mgP4 in terms of go, Gy and

G4 given by (3.5), (3.7) and (3 9). It is here that the removal of Fr(l)vr +
mgvg +mas from F_ in the e 3-term of Equation (3.2) satisfied by F_
plays a central role. The term

/Z /J< Fr (l)vr,wj) F_Mdvdr

can be handled similarly. This completes the proof of (3.12). |
It directly follows from Proposition 3.1 and Proposition 3.2 that
Corollary 3.3. If 0 <¢ is small enough and g=g,, then for small
enough € >0 the following estimates hold for the solution of (3.1),
~1 3, ~—1
[V2F) |2 < C(E b 28L|2+62|Fbl~>,

5, ~—1
| Folla+ 1 Fr o+ I Falla 41 Follz < e(€75 1972 g1 Lo+ Fy I ).

Using this corollary we prove

Proposition 3.4. Let g=g,, ﬁ_%g eli, FeLt, 2<q <oo, and
Jj1 =4 be given. When 8’ > 0 is small enough, there exists a unique solu-
tion FeW9~ to (3.1) for all small enough € > 0.
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Proof of Proposition 3.4. By [ref. 23, pp. 68-69] there is a unique
solution F € W2~ for ¢ =0. That still holds, if we add L J(F,¢) to the
right hand side of (3.1). Namely, for ¢ =0 start from the integrated solu-
tion formula with a single iteration (cf ref. 23, p. 69),

K
F=U S F+US 4 Wyt F. (3.16)
€ €

Adding J(F, ¢) to g, a similar formula holds and, like (ref. 23 pp. 68-69),
gives a compact perturbation of a well-posed problem. The index remains
equal to zero, and the a priori estimates of Corollary 3.3 imply injectivi-
ty, hence also surjectivity. That completes the proof of the proposition in
the W2~ case. From here the case g =oc follows using (3.13), and the case
2 <q <oo from a corresponding generalization of (3.13). |

4. THE REST TERM

This section discusses the rest term, when |ugail, |ugp1l, and |Tpo| are
bounded by 8’ >0, so that the results of the previous section hold. Given
the asymptotic expansion ¢, the aim is to prove that there exists a rest
term R so that

f=M+¢+€*R) 4.1)

is an isolated solution to (1.1-2) with M~ f € L. This corresponds to the
function R being a solution to

e . .
DR= —4(LR+2J(R, 0)+€*J (R, R) +l).
€

Notice that ¢ is constructed so that Do = (I — Py) Dg, hence that [=/,. In
Section 2 for the bifurcation case with (uga1 —ugp1rB) Bugal +ugpira) >
0, A< Apjy, an asymptotic expansion ¢ of order four in € was constructed
so that [ is of e-order one in L?. Continue the same g-expansion up to e-
order eighteen, giving an [-term of e-order fifteen, but without requiring
the boundary conditions to be satisfied for ¢ beyond order thirteen.

Let the sequences (R"),cv be defined by R®=0, and

18

1 /- . )
DR"! = 6—4(LR"+1 +2Ze’J(R”+1,¢’)+g"), “4.2)
j=1
R"(1,v) = R4a(v), v, >0, R"™ N (rg,v)=Rp(v), v <0. (4.3)
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In (4.2-3)
g =e*J(R", RM) +1,

2
AR (v) 1= e UoA Y0 TG a1 — 1= elpi(rav), v >0,

1(.2_ 2.2
64RB(U) = l+wp j( 1+TB (U +(vg—€ugp1)+v; ))

(1+TB)%
-1 —Z V€@l (rp,v), v, <0,

e

with R4, Rp of e-order ten.
We now turn to the properties of the rest term iteration scheme
(4.2-3).

Proposition 4.1. For ¢ > 0 and small enough, there is a unique
sequence (R") of solutions to (4.2-3) in the set X :={R; |v5R l< K} for
some constant K. The sequence converges in L? for 2<g < oo, to an iso-
lated solution of

1 /- - -
DR = —4<LR+64J(R, R)+2](R,go)+l>, (4.4)
€
R(1,v) = Ra(v), v,>0, R(rg,v)=Rp(v), v, <O0. 4.5)
When ¢ tends to zero, the corresponding hydrodynamic moments of (4.1)

converge to solutions of the (Hilbert) limiting fluid equations of leading
order in € (third order for the radial velocity).

Proof of Proposition 4.1. The existence result of Proposition 3.4
holds for the boundary value problem

Df = —(Lf+2ZefJ<f <p1>+g>
j=1
f(,v) = Rg(v), v,>0, f(@rp,v)=Rp(), v,<0.

Consider first (4.2-3) in the case n=0 with g®=/. As discussed before

(4.2), this gozgg is of e-order fifteen in L4. For Rj_ and g < oo, Corollary
3.3 gives,

92RY h<e(e7 [T72gY h+€?  Fy I ), 4.6)

5, ~—1
IR 2+ 1 Ry 2+ 1| Ry 2+ 1 R o< c(€ 75 157360 b+ [ Fy |~ ). (47)
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Using the properties of [, it follows from (4.6-7) that the e-order of Ri
in L? is twelve, whereas the term Rll| is of order ten in L2. By Proposition
3.2, R! is of order six in L.

For n e N, we shall write R"t! = R! 4+ Z?:l(RHI — RJ). Tt holds
that (R"*! — R") has g" =g’ and the ingoing boundary values vanishing.
Consider the case n=1. By Corollary 3.3 for the difference RZ — R!,

1

152(R2 — RL) h<ce |92 (RY, RY) |, (4.8)
IR> =R 2+ | R —R) 2+ R =R} 2+ | R2— R |12
1 ~
<ce 'TTZJ(RL RY |5. 4.9)

Recall that

5727 (8. 1) y<C 128 |l P21,
We conclude from this and from (4.8-9), that
192(R2— RY) |, <ce|P2R'|, for g=2,c0.
For n>2, Corollary 3.3 implies that
PR RN < S 19 TR R = TR R ) .

And so (R™) converges for sufficiently small € >0 to some R, solution to
(4.4-5) in L7 for ¢ <oo. The contraction mapping construction guarantees
that this solution is isolated.

It finally follows from the above proof that, when ¢ tends to zero,
the hydrodynamic moments converge to the (Hilbert type) solutions of the
corresponding leading order limiting fluid equations (2.14-15), (2.17). 1

Proof for Theorem 1.2. This theorem is an immediate consequence
of Proposition 2.1 and Proposition 4.1. i

The approach holds with small changes for the other cases of asymp-
totic expansion in the two-roll setup that are discussed in ref. 26. We let
the case of Theorem 1.1 illustrate this.

Sketch of Proof for Theorem 1.1. Consider the boundary value
problem (1.1-2), this time without the previous coupling (1.4) between
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the boundary values. Assume that the cylinders rotate in the same direc-
tion and that 1 < Pspa/[(r§ — Duj g1 < (uga1/ugpirs)?. This guarantees an
asymptotic expansion with positive, as well as one with negative, second
order radial velocity, and one with fourth order radial velocity (cf. ref. 25).
Construct the expansions ¢ similarly to Section 2, and write the solution
as in (4.1) with asymptotic expansion of order eighteen and rest term of
order four. In the two cases of a second order radial velocity, the lowest
nonvanishing v,-term of ¢ appears in ¢? and thereby gives a minor change
in the proof of Section 3. In the case of a fourth order radial velocity, the
lowest order nonvanishing v,-term appears in ¢*, again giving a correspond-
ing small change in the proof of Section 3. Except for this, the above proofs
carry through as before. The rest term analysis also proceeds as before and
proves Theorem 1.1. |
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